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Abstract. The action of pulling a solid continuum through a fluid filled 
stepped bore tubular unit of larger bore size than the continuum itself, 
gives rise to hydrodynamic pressure and resistance to axial pull. Depen- 
ding on the relative dimension of the unit and the continuum and also the 
rheological properties of the fluid, the combined effect of the hydro- 
dynamic pressure and the axial pull may become sufficient to induce 
plastic yielding and subsequent permanent deformation in the continuum. 
In order to fully understand the mechanics of the deformation process, 
a mathematical model involving non-linear equations has been formulated. 
A finite difference numerical technique was then used to solve these 
equations without having to pre-describe the deformation profile of the 
continuum being pulled through a stepped bore unit. The fluid has been 
assumed to possess Newtonian characteristics during the passage through 
the unit. 
Keywords. Numerical technique, Modelling, Plasto-hydrodynamics, Wire 
drawing, Newtonian fluid. 
INTRODUCTION 
When a solid continuum is pulled through 
a tubular unit of non-uniform bore size 
which is filled with a viscous fluid, 
hydrodynamic pressure is generated and 
the shear stress present at the fluid- 
continuum surface gives rise to axial 
stress. The combined effect of this 
hydrostatic pressure and the axial stress 
may become sufficient to induce plastic 
yielding and permanent deformation in the 
continuum even though the smallest bore 
size of the tubular unit is larger than 
the undeformed diameter of the continuum. 
The total extent of permanent deformation 
is dependent on the relative dimensions 
of the duct and the continuum and also on 
the rheological properties of the fluid 
and the continuum. 
Experimental work has been carried out 
with two different geometrical confiqura- 
tions of the unit. These being (a) a 
tapered bore unit and (b) a stepped bore 
unit. When a polymer melt was used as 
the viscous fluid plastic deformation 
giving in excess of 20 per cent reduction 
in area has been observed in mild steel, 
copper and stainless steel wires. 
Details of these experimental works have 
been published earlier by Hashmi and 
other (1982) and Symmons and others (1983). 
In order to fully understand the mechanics 
of the deformation process, closed form 
mathematical models have been developed 
for both types of units. The analysis for 
the tapered bore unit has been published 
by Hashmi and Symmons (1983). In both 
cases, however, the analysis has been 
carried out on the basis of a pre- 
described deformation profile of the 
continuum. Recently, Hashmi and Symmons 
(1984) applied a finite difference 
numerical technique to model the process 
in which pre-supposition of the deforma- 
tion profile was avoided when a tapered 
bore unit was used. 
In the present study the same finite 
difference numerical technique has been 
used to mathematically model the process 
without having to pre-describe the defor- 
mation profile of the continuum when a 
stepped bore unit is used. This approach 
permitted the effect of the non-linear 
strain hardening properties of the 
continuum to be taken into account. 
Furthermore, the predicted deformation 
profile were found to correspond very 
closely with those observed experimentally. 
ANALYSIS 
In order to develop the mathematical model 
the following assumptions were made. 
(i) the hydrodynamic fluid has the 
characteristics of a Newtonian 
fluid, ie the viscosity is indepen- 
dent of the shear rate and pressure. 
(ii) the flow of the fluid is purely 
axial and laminar 
(iii) the thickness of the fluid layer 
is small compared to the diameter 
of the continuum, and 
(iv) thepressurein the fluid is uniform 
in the thickness direction at any 
point along the length of the unit. 
Figure l(a) shows the geometrical confiqur- 
ation of the unit and the continuum where, 
the gap h = hl for x < L1 and h = h, for 
x 5 L1. 
For a Newtonian fluid the pressure 
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gradient within the gap at any point 
x < Li may be expressed as, 
L!JLp=ar 
ax ay --- . . . . . . . . . . . . . . . . . . . :_. (1) 
and the shear stress as 
au 
T=CIF 
. . . . . . . . . . . . . . . . . . . . . . . (2) 
where II is the viscosity and u is the 
velocity of the fluid at a distance y from 
the surface of the continuum. Differen- 
tiating equation (2) with respect to y 
and substituting in equation (1) we obtain 
a'u 'ZP 
w=Lax . . . . . . . . . . . . . . . . . . ...(3) 
Since 2 is assumed to remain constant 
acrossaX the gap, double integration of 
equation (3) gives 
II = & @y2 + ClY + c2 . . . . . . . . (4) 
where Cl and C, are constants which may 
be evaluated applying the boundary 
conditions, (i) u = 0 at y = h (at the 
inside surface of the unit) and (ii) u =V 
at y = 0 (at the surface of the continuum) 
Tx = - 2 ax 
!I(*) “h” - - . . . . . . . . . . . . . (11) 
In zone 1 of the unit where h = hl and 
tap/ax) = P,/L~ 
T 
Xl 
= _“+ (2) - ;y . . . . . . . . . ..(12) Thus, from equation (4) 
Cl = - 1 (*)h - x and C, = V 
2~ ax and in zone 2 where h = h, and (*)=-2 ax 
where V is the speed with which the 
continuum is being pulled. Substituting 
for Cl and C, in equation (4) 
-hy) +V(l - E) ..(5) 
Now the flow of the fluid in the direction 
of pull is given by 
rh 
Q, = J, udy 
which upon substitution for u and inte- 
gration becomes 
Qx=-+$ +F . . . . . . . . ...(6) 
For laminar flow aQx = 0 , which for 
hi= h gives 'ax 
& {h,'(E)] = _&- ax(6Whl) = 0 
so that hl' (s) = C, and hence 2 = 2, 
which upon integration gives 
p = 3 + C4. 
But, for no deformation condition at 
x = 0, p = 0 and at x = Li,p = pm, the 
maximum pressure. Hence C1, = 0 and 
C, =<, Ll m 
Thus, p = F i.....................(7) 
a,-,d i%? = 2 = 
ax 
constant. 
Since (Q )i = (Q )I where subscripts 1 
2 refer Xto zoneI 1 and 2 of the unit, 
from equation (6) 
(Q,) 1 = - $& (L& + L??p 
= - 
1 
which upon rearrangement 
+s 
2 
gives 
pm = 6nV(hi - ha)/(hl'/Ll + h13/La)...(S) 
Since, 
(?I?) pm 22 pm 
ax 1 
=Gand tax) =c 
I I 
Now, differentiating equation (5) we have 
-h)-; . . . . . ...(9) 
which after combining with equation (3) 
gives the shear stress at any point 
within the fluid layer. 
T = '(3) (2 
2 ax 
y-h)-$! . . . . . . . ..(lO) 
At the surface of the continuum, y = 0 
and the shear stress is given by 
T 
X2 
= h!? (p”, _ f! 
L, 
. . . . . . . . . . . ..(13) 
I 
Hence, both rxi and T are constants 
when no deforoation x' takes place. 
The drag force acting on the continuum at 
any distance x from the entry to the unit 
may be expressed as 
which after substitution from equation 
(12) and integrating becomes 
h,p, 
F = nDiLZL1 + 'v]x + C 
h, 5 
Noting that at x = 0, F = 0, CS is equal 
to zero. Since, the axial stress is 
caused by the drag force, we have 
F = $ Di2ax 
Hence 
4 hp 
0 
X 
=a-( -!.zx+IrVx) 
DI 2L, h, 
. . . . . . . . . . (14) 
In order that plastic yielding of the 
continuum may take place the Tresca yield 
criterion gives p + 0 = 
substitution for p agd 0 
y, which after 
from equations 
(7) and (14) respectivelyXand rearrange- 
ment gives the position x where plastic 
derormation initiates. 'Thus, 
xP 
2hlPm = yo,($ + - + - 
LiDi 
auv ] 
hiDl 
. . . . . . . ..(lS) 
Once plastic yielding commences further 
permanent deformation will continue to 
take place in the continuum as long as 
the yield criterion p + (I = Y is satis- 
fied, where Y = Y + Ben xis the 
constitutive equa?ion of the rigid non- 
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linearly strain hardening continuum. 
Pressure in the Deformation Zone 
Reforming to Fig.l(b) let us assume that- 
for a small increment x the deformation 
takes place in a straight profile such 
that h = hi + bxi, and ah 
=I = b. 
For laminar flow, _ 9Qx = o, hence from 
equation (6) ax1 
Hence ha% = CuVbx + CG 
But at x =iO, z 
1 
= 2, and h = hr 
hence C6 = hl' 2. 
Hence s 
Pm%’ 
= v + m . . . . . . . . . . (16) 
1 1 
Equation (16), when expressed in finite 
difference form, gives pressure values at 
different points, distance Ax apart. 
Thus, 
pi = Pi-l 
+ 
6uViAxbixi 
hi 
3 
Axpmh;' 
+ 
L,hi 
, . . . . . . . . . ..(17) 
where hi = hi_, + biba, 
Vi = Vi_,(Di_,/Di)' 
Di = Di_, - 2biAx, and 
xi = x i-, + Ax 
Axial Stress in the Deformation Zone 
Referring to Fig-l(c) which shows an ele- 
ment of the continuum within the deforma- 
tion zone, the increment in axial stress 
may be expressed as 
do 
X 
= -2dD (Y + T 
D 
cota) . . . . . . 
X1 
(18) 
where (I is the semi-angle of the current 
deformation profile. Since D1= D,-2bxl, 
dD = -2bdxl and cota = -l/b. 
Now substituting for ax 2 from equation 
(16) into equation 1 (11) tR ham 
P h,' 
Tx1 
z-y (F + 1) - &.- . . ..(19) 
1 
which upon substitution into equation 
(18) gives 
dOX 
=s+y+&f,~+,)+ 
p,h,' 
bL,h’l 
which in finite-difference form is given 
by 
4b.Ax svi 0 
'i 
= 0 
xi-l 
+--.t[Y.+-(- 
Di 1 
3bixi + ,) 
bihi hi 
Pm%’ 
+ biLlhi)) . . . . . . . . . . . . ..(20) 
n 
where Yi = Y. + B(ln(D,/Di)') . . . ..(21) 
Plastic deformation will continue as long 
as the yield criterion 
Pi + ' 
xi 
= Yi . . . . . . . . . . . . . . . . . (22) 
for appropriate values of bi is satisfied. 
The steps involved in obtaining theoretical 
results for given geometrical configura- 
tion of the unit, the rheological proper- 
ties of the fluid and the continuum and the 
speed of pull may be summarised as follows. 
Calculate pm using equation (8) which upon 
substitution in equation (15) gives xp., 
Next step is to apply equation (22) having 
calculated pi, ox and Yi from equations 
(17), (20) and (2t) respectively for 
assumed values of bi and Ax, the increment 
in x1. 
The drawing stress is given by 
(I=0 +o 
S X2 
where (I 
E 
is the axial stress at the step 
calcula ed by the avobe technique and ox1 
is the increase in the axial stress 
during the passage through zone 2 of the 
unit. Since no deformation takes place 
in this sane 
4T_ L, 
(I = 
z 
X2 DS 
where DS is the diameter of the continuum 
at the step (x = L1) and rxl is given by 
equation (13) after substituting h, by h,, 
the gap between the unit and the deformed 
continuum within the second zone and pm 
by P,# the pressure at the step. Thus 
rxI 
h,p sv =s-- 
2L, h, 
and 
h, = h, + (D, - DS)/2 
The percentage reduction in area of the 
continuum is simply obtained by 
P.R.A. = 11 - (Ds/D,)'I.lOO 
RESULTS AND DISCUSSIONS 
The following standard values of the 
parameters were used in calculating the 
results based on the theoretical model 
described in the previous section. These 
values are based on the actual tests 
carried out in the experimental study and 
are as follows: 
L1 = 50 mm, LI = 20 mm, hl = 0.21 mm, 
hl = 0.06 mm, u = 120 Ns/m', V = 0.5 m/s, 
D1 = 1.625 mm, Y = 100 MN/m', 
B = 340 MN/m2 an8 n = 0.25. 
Other values of D1, Y,, h,, V and ti were 
also used in order to predict the likely 
influence of these parameters on the 
deformation process. 
The variation in the parameter x 
designates the location where pl g' which stic 
deformation commences, with drawing speed 
was calculated for different values of Yo. 
This is shown in Fig.2 which indicates, 
for example, that the continuum will not 
undergo any plastic deformation when drawn 
at less than 0.175 m/s for Y, = 150 MN/m'. 
On the other hand, it is predicted that 
plastic deformation will commence in a 
continuum, of Y, = 50 MN/m' when drawn at 
5th ICI'FI 
1.5 m/s, at only 1.0 mm from the entry to 
the unit. 
mental ones for speeds of less than 
For a given fluid medium the hydrodynamic 
pressure developed inside the unit is 
0.25 m/s. 
dependent on the speed with which the 
continuum is drawn. 
For higher speeds, however, 
Fig.3 shows theoret- 
experimental work shows a drastic fall in 
ically calculated such pressure distribu- 
tions for a number of drawing speeds ran- 
ging from 0.25 m/s to 1.0 m/s. The 
general trend is that the pressure inc- 
reases sharply until plastic deformation 
starts and then at a reduced rate while 
deformation continues and the continuum 
strain hardens. In each case the 
pressure is maximum at the step after 
which it reduces linearly to zero at the 
exit end of the unit. The drawing stress 
was also calculated for different speeds 
and these theoretical values are shown in 
Fig. 4 in which results obtained from 
experimental work andpredicted by Symmons 
and others (1983) are also shown for 
comparison. It is evident that the trend 
of the results from the present study has 
more similarity with that of the 
experimental results which show a reduc- 
tion in magnitude of the drawing stress 
for drawing speeds in excess of 0.25 m/s. 
This, however, is mainly due to the fact 
that experimentally, at hiqher speeds, 
smaller reduction in area is obtained. 
Assumption of Newtonian fluid character- 
istics results in prediction of higher 
reductions in area with increasing speed 
and hence larger drawing stresses. This 
is substantiated from Fig. 5 which shows 
the graphs of percentage reduction in area 
of the continuum against the drawing 
speed. It is evident that the trend of 
the results obtained from the present 
study is similar to that of the experi- 
reduction in area of about 25 percent is 
shown in Fig. 11. It is evident that 
there is excellent agreement between the 
experimentally observed and theoretically 
predicted profiles when the prediction 
is based on the model presented in this 
study. In the model by Symmons and others 
(1983) the profile, of course, was pre- 
described to be parabolic. 
CONCLUSIONS 
A mathematical model has been developed 
where the non-linear equations are solved 
using a finite-difference numerical 
technique for predicting the extent and 
mode of deformation of a solid continuum 
when drawn through a stepped bore unit 
filled with a viscous fluid. 
The numerical solution provides a better 
model than that based on closed form 
solutions for predicting the deformation 
profile. It is evident that for higher 
drawing speeds, the assumption that the 
fluid possesses Newtonian characteristics 
leads to predictions which differ signi- 
ficantly from those observed experiment- 
ally in terms of percentage reduction in 
area and drawing stress. 
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The influence of the parameters Y,, D, 
and h, on the level of percentage reduc- 
tion in area for drawing speeds of up to 
1.5 m/s are seen in Figs. 7, 8 and 9 
respectively. From these results it can 
be suggested that softer the material, 
smaller the diameter and narrower the gap 
thickness in the second zone of the unit, 
greater will be the percentage reduction 
in area obtainable for a given velocity. 
In fact, under extreme conditions the 
deformation will be so severe that 
fracture of the continuum will occur. 
The theoretically calculated deformation 
profiles corresponding to different 
drawing speeds are shown in Fig. 10 in 
expanded scales. In reality the slopes 
of the profiles are very small. A comp- 
arison of the deformation profiles obser- 
ved experimentally and predicted theoret- 
ically according to present study and that 
by Symmons and others (1983) for 
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Fig.1 (a) Geometrical configuration of 
the unit and the continuum, 
(b) Mode of deformation of a small 
element of the continuum. 
DRAWING SPEED Vmls 
Fig.2 Effect of initial yield stress 
the continuum on the distance, 
DISTANCE FROM ENTRY Xmm 
Fig.3 Effect of drawing speed on the 
pressure distribution within the 
unit. 
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DRAWING SPEED Vmls 
Fig.4 Comparison of experimental and 
theoretical drawing stress vs 
drawing speed. 
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Fig.5 Comparison of experimental and 
theoretical percentage reduction in 
area vs drawing speed. 
DRAWING SPEED Vm/s 
Fig.6 Effect of viscosity of the fluid 
on the P.R.A. 
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DRAWING SPEED Vmk 
DISTANCE X& 
Fig.7 Effect of initial yield stress of 
the continuum on the P.R.A. 
Fig.10 Showing deformation profiles at 
different drawing speeds. 
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DRAWING SPEED Vmls 
Fig.8 Effect of the diameter of the 
continuum on the P.R.A. 
DRAWING SPEED Vmlr 
Fig.9 Effect of the gap h2 in 
second zone of the unit 
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Fig.11 Comparison of experimentally 
observed and theoretically predic- 
ted deformation profiles. 
